Introduction. The theorem to which we refer is that which asserts that if G is a group and ZG is its center, then
G/ZG finite G finite, (1.1) where G is the commutator subgroup of G. This theorem has a nice homological proof, using the 5-term exact sequence
G/ZG ab (1.2) derived from the short exact sequence ZG G G/ZG. For if G/ZG is finite then H 2 (G/ZG) is finite. Thus G ∩ ZG = ker α 2 = im α 3 is finite. But G /G ∩ ZG ⊆ G/ZG is also finite, so, finally, G is finite.
We remark that Schur's theorem has a converse which is valid if G is finitely generated (f g). We include a proof for completeness.
Theorem 1.1. Let G be an f g group such that G is finite. Then G/ZG is finite.
Proof. Let G = x 1 ,x 2 ,...,x k . Now, for any x ∈ G, there can only be finitely many distinct conjugates of x. For there is a one-one correspondence
between the set of conjugates of x and a subset of G ; and G is finite. Thus [G :
ZG] is finite. Thus, as claimed, G/ZG is a finite group.
Schur's theorem, and its converse, take on a particular significance in the localization theory of nilpotent groups [1] . For it is one of the main problems in that theory to calculate the Mislin genus Ᏻ(G) of an f g nilpotent group G and to identify its members. Here Ᏻ(G) is the set of isomorphism classes of f g nilpotent groups H such that G and H localize at every prime p to isomorphic groups, G p H p for all primes p. It is shown in [2, 3] that if G is finite then Ᏻ(G) may itself be given the structure of a (finite) abelian group, a fact which very much facilitates the study of Ᏻ(G).
In the category of nilpotent groups (not necessarily f g) it makes sense to consider P -torsion groups, where P is a family of primes, and to study such groups by the techniques of localization. In this way we are able to prove a P -torsion variant of Schur's theorem, namely,
We may also prove a converse of Theorem 1.2; as with Schur's theorem itself, it is necessary to impose a supplementary finiteness condition.
Actually we regard Theorems 1.2 and 1.3 as the absolute forms of our results and emphasize the relative forms which appear to be quite new. In our relativization we replace the group G by a pair (G, N) consisting of a nilpotent group G and a normal subgroup N of G. Then the absolute case is given by N = G; moreover, in our relativization, ZG is replaced by C G (N), which is easily seen to be a normal subgroup of G; and G is replaced by the commutator group [G, N] .
We remark that Theorem 1.2 also has a variant in which a finiteness condition is imposed just as in Theorem 1.3. Precisely, we have the following theorem.
We will prove the relativizations of Theorems 1.2, 1.3, and 1.4 in Section 2. Proofs of the absolute forms, that is, of Theorems 1.3 and 1.4 are to be found in [4] . For Warfield proves (the case n = 1 is the critical case). We do not have available to us a homological proof of a relative version of Schur's theorem. However we do show in the appendix how we may use homological arguments to obtain Theorem 1.4 with a small loss of sharpness in our bound on the exponent of G .
A key tool in our proof of the relative version of Theorem 1.3 is a theorem on the localization of nilpotent groups due to Karl Lorensen (Theorem 2.6). This theorem is of considerable interest in its own right. It is a pleasure to acknowledge the crucial help the author received from his friend (and erstwhile student) Karl Lorensen, not only in the provision of Theorem 2.6.
Localization methods.
Let P be a family of primes and let Q be the complementary family. We first state and prove the relativization of Theorem 1.2.
Theorem 2.1. Let G be a nilpotent group and N a normal subgroup such that
It is clear from this line of proof that, if we want a result in the opposite direction to that of Theorem 2.1, we will have to establish conditions under which
Put another way, we ask when the restriction e 0 :
-localizes if and only if it is Q-surjective.
In seeking conditions under which e 0 is Q-surjective-and again in proving Lorensen's theorem (Theorem 2.6), we need to apply a basic result in [1] , namely, Theorem 6.1. We quote that result here as Lemma 2.2. However, we can, in fact, refine this result and it will be valuable to do so. Thus we may enunciate
(Recall that we adopt Warfield's convention for enumerating the terms of the lower central series of G, so that
Proof of Lemma 2.3. We apply Lemma 2.2, but replace G by a, b . However, if
We now apply Lemma 2.2 (we will need the more refined Lemma 2.3 later) to prove the following theorem.
Theorem 2.4. Let G, H be nilpotent groups with subgroupsḠ ⊆ G,H ⊆ H. Let ϕ be a Q-bijective homomorphism from G to H sendingḠ intoH, and letφ :Ḡ →H be obtained by restricting ϕ. Thenφ is Q-surjective (and hence Q-bijective) if and only if, for all x ∈ G such that ϕx ∈H, there exists a P -number m such that x m ∈Ḡ.
Proof. We for brevity, describe the property that, for all x ∈ G such that ϕx ∈H, there exists a P -number m such that x m ∈Ḡ as property S. Suppose then thatφ is Q-surjective, and let x ∈ G satisfy ϕx ∈H. Sinceφ is Q-surjective, there exists a P -number n and an elementx ∈Ḡ such thatφx = ϕx n . But then 
(N) → C G Q (N Q ) Q-localizes if and only if, for all x ∈ G such that ex ∈ C G Q (N Q ), there exists a P -number n such that x n ∈ C G (N).
This result enables us to exploit the following theorem due to Karl Lorensen. With G a nilpotent group, N a normal subgroup of G, and x ∈ G, we write T P Γ Lorensen's theorem is the key to our relativization of Theorem 1.3, which we now state. Now H n G admits a finite filtration
such that Armed with this lemma, we may prove the following theorem. We remark (again) that our estimate of exp G is not best possible.
